STAT 111: Introduction to Statistical Inference Spring 2026

Section 4: Confidence Intervals

Ricky Truong (rickytruong@college.harvard.edu),
Emily Xing (exing@college.harvard.edu)

1 Introduction

1.1 Logistics

Welcome! The goal of our weekly section is to review content from lecture, with emphasis
on big-picture intuition, mathematical proof, and hands-on practice.

Specifically, we aim for our sections to be interactive, well-paced, inclusive, and fun! Please
do not hesitate to reach out if you have any questions/feedback!

1.2 Office Hours

e Mondays, 7:30 - 9:30 PM in Adams D-Hall (Ricky).
e Fridays, 11 AM - 12 PM in Maxwell-Dworkin 2nd Floor (Emily).
e Saturdays, 10:30 — 11:30 AM in Cabot D-Hall (Emily).

2 Big Picture

We review maximum likelihood estimation with a famous example in statistics: the German
Tank Problem.

Building on the notion of asymptotics from last week, we distinguish between asymptotic
distributions, exact distributions, and approximate distributions.

So far, we've used point estimators (e.g., we estimate § with 5), but we can arguably improve
upon this with interval estimators (e.g., we estimate 6 with [4,6]).

We use the known distributions of pivots to construct confidence intervals. Depending on the
type of distribution, we can build ezact confidence intervals or approrimate (i.e., nominal)
confidence intervals. The approximate confidence intervals often result from the Central
Limit Theorem, which requires a sufficiently large n but accommodates for non-Normal
data (conversely, the exact confidence intervals often require the generous assumption of
Normality).

3 Maximum Likelihood Estimation

Idea. As we’ve seen, the maximum likelihood estimator is incredibly powerful and enjoys
many nice properties. Still, it is not always ideal. As illustrated in the German Tank
Problem, it can sometimes result in a naive estimate. We conclude with a review of the
multiple ways to find MLE (since calculus should be saved as a last resort).

3.1 Properties of MLE

Definition 1 (Maximum likelihood estimator). Gy g = arg maxgee £(6;Y). Under regular-
ity conditions, the MLE has the following properties:
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e MLE is invariant, meaning if Orip is the MLE of f, then g(éMLE) is the MLE of ¢(0).
e MLE is consistent, meaning éMLE 9.
e MLE is asymptotically unbiased, meaning lim,, Bias[éMLE] =0.

e MLE is asymptotically efficient, meaning no other asymptotically unbiased estimator has
a lower asymptotic variance.

e MLE is asymptotically Normal, meaning fori.i.d. Y7,...,Y,, \/ﬁ(éMLE—Q*) LN (O, IY;(Q*)>

This implies Oy ~ N <9*, #(0*» for large n.
1

e &: Notice the Fisher information in the Normal distribution is from Y7, not Y. For i.i.d.

data, Zy(0%) = nZy, (6*). Keep the notation clear and consistent!

Concept Checker 1. Let Y}, ....Y, h- Fy,, for some model Fy,, parameterized by p, with
E[Y;] = u and Var[Y;] = 02 < co. Assume regularity conditions hold. Suppose fiyre = Y.

How can we find Zy(p), the Fisher information for p from Y?

3.2 German Tank Problem

Definition 2 (Setup of the German Tank Problem). Suppose there are 6 tanks in exis-
tence. From our n captured tanks, we observe ¥, ..., y,, corresponding to serial numbers in
{1,...,0}. Assume the captured tanks are a simple random sample (i.e., all subsets of size
n are without replacement and equally likely). How can we estimate 67

Definition 3 (Method of moments approach). We begin by defining the first moment.

0
1
ElY;] = i Zi by definition
i=1
1/0(0+1
== (u) by arithmetic series
0 2
1
= 9% by simplifying

This implies 0 = 2E[Y;] — 1, so by definition of MOM, our method of moments estimate is
Ovom = 2y — 1.

Definition 4 (Maximum likelihood approach). We begin by writing the likelihood function.
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L(0;9) = fy(y;0) by definition
=PYi=y1,...,Y, =yn;0) for discrete random vector
1 .

o, Y <OvVie{l,....n
G { ! by simple random sample

0, else

1
= E]l{y(n) <0} by rewriting via order statistic

For some intuition, this is saying the probability we observe our specific sample is just 1 out
of the #-choose-n possible combinations, with an indicator to ensure 6 doesn’t conflict with
our data. This implies £(0;%) is 0 until > y(,), after which point it is strictly decreasing
on © = Z™, so by definition of MLE, our maximum likelihood estimate is Oyip = Y(n)-
e Recall £(0;7) is a function of 0. E.g., it doesn’t make sense for § to be 1 if we capture n = 3
tanks with y3) =7, s0 L(0 = 1;9) = (1)11{7 <1} =0. But L(0 =T;¥) = (1)]1{7 <Th=4
is well-defined. Notice the denominator increases (and thus the likelihood decreases) as we
increase 0—e.g., L(0 = 8;7) = 61{7 <8} =g

3
e Intuitively, this estimator seems naive. In the previous example, just because we observe
a sample maximum of 7 doesn’t mean the population maximum should be 7.

e Building on the MLE, we can define a new estimator: Oup = (”T“)éMLE — 1, which we can
show is unbiased.

3.3 How to Find MLE

1. Invariance: If = f(\), then OriLp = f (S\MLE) by invariance.

e Hints: We know S\MLE.

2. German Tank Problem: If £(6; }7) strictly decreases, its first possible input is OriLp.

e Hints: Write out £(0;Y). There is an indicator in the likelihood, so it is not differentiable
at the jump. 0 must be discrete. 6 is involved in the support.

3. NEF: fiye = Y, where = E[Y] and fy (y) = e® V@ h(y) (i.e., Y is a natural exponential
family) []

4. Calculus: Oy g = argmaxgee £(0;Y) (ie., set £/(6;Y) = 0 and check £/(0;Y) < 0).

Concept Checker 2. Which strategy would be most efficient for finding Orirr for the

following scenarios:

1. For Yy,...,Y, R Bern(p), § = P(Y; = 0).

2. For iid. data Vy,...,Y,, £(6;Y) = (i)" (11, €¥)° 1{Y{,y < 6}, where 6 > 0.
(y) =0y

Y ga
3. For iid. data Vi,...,Y,, fy, Y-

, where 0 < y < 1 and 6 > 0.

'We will discuss this further later in the course.
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4 Types of Distributions

Idea. The foundation for confidence intervals lies in distributions. We review the three main
types of distributions and how they relate.

Distribution of pivots (n = 10) Distribution of pivots (n = 30) Distribution of pivots (n = 10000)
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FIGURE 1: ¥n('=w) (in gray) converges in distribution to A(0,1) (in red). If we “freeze” at n = 30, the

led

approximate distribution is close to the asymptotic distribution.

Definition 5 (Exact distribution). We can perfectly describe the behavior of the distribution
(no approximation, no limit, no dependence on n).

e E.g., Z ~ N(0,1) is an exact distribution, so Q(0.975) = 1.96 (i.e., exactly 97.5% of the
distribution falls to the left of 1.96).

Definition 6 (Asymptotic distribution). The finite-sample distribution changes for each n,
and the asymptotic distribution is the limit of these distributions as n — co.

e Eg., @ 4, N(0,1) is an asymptotic distribution, so Q(0.975) — 1.96 as n — co.

Definition 7 (Approximate distribution). We “freeze” the finite-sample distribution at a
sufficiently large n such that the distribution is close to (but not perfectly) the asymptotic

distribution.
o V=) | N(0,1) is an approximate distribution for large n, so Q(0.975) ~ 1.96.

[

Example 1 (Approximations of pi). As an analogy, let 7, be the nth digit of 7. E.g.,
m =3, ™y = 3.1, w3 = 3.14, and so on.

e Think of 7 as the asymptotic goal—m, “converges to” m as n — oo.

e We can “freeze” at a sufficiently large n such that 7, is close to (but not perfectly) =.

4
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5 Confidence Intervals

Idea. “But really confidence intervals are more like ring toss—the true value is fixed, and
the interval might end up around it” - Ellie Murray.

We often estimate 6 with é, but why stop there? A confidence interval is a type of interval
estimator. To construct one, we begin with the known distribution of a pivot that involves
our estimand of interest. From there, we use algebra and quantiles to isolate the estimand
in a probabilistic statement.

Confidence intervals have the benefit of capturing an additional “dimension” to the data:

the variability /uncertainty. E.g., for Y,...,Y, S Bern(p), suppose we observe one dataset
with only n = 4 values and another dataset with n = 1000 values. The first 95% CI may
look like [0.1,0.9] while the second one may look like [0.49,0.51]. Though both are centered
at p = 0.5, the latter is much more informative than the former, which makes sense with the
uncertainty from a limited sample size.

0
C(y10)
C(yo) ol
— y
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C(ye) o
y
C(Y4)5
0]( ) JEIIREIRTNN IEIREE 5]
y
Cly)

FIGURE 2: An illustration of confidence. For a 90% confidence interval and 100 randomly-generated

datasets, we expect it to succeed (i.e., capture ) 9 times out of 10E]

5.1 Fundamentals

Definition 8 (Interval estimator). C(Y) = [L(Y),U(Y)] is an interval estimator based on
the random data Y for an estimand 6.

e The corresponding (fixed) interval estimate is C(y) = [L(¥), U(¥)].
Definition 9 (Coverage probability). P(6 € C(Y)) (i.c., the probability @ is captured in the
interval estimator).

e Though 6 is fixed while Y is random in the Frequentist paradigm, we view coverage
probability as a function of possible values for 6 (like we do with likelihood).

2This figure is from Introduction to Statistics: Inference, Description, Prediction, and Causality by Joseph
K. Blitzstein and Neil Shephard.
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—

Definition 10 (Confidence interval). C(Y) is a 100(1 — «)% confidence interval (CI) for 6 if
it has coverage probability of at least (1 — «) for all possible values of 8 (i.e., P(§ € C(Y)) >
l—aVleo).

o ®: Again, 0 is fixed while Y is random in the Frequentist paradigm, so it doesn’t make

sense to say “the probability of 6 being between 0.5 and 0.7 is a 0.95” since 6 is fixed and
doesn’t have a distribution!

5.2 Constructing Exact Confidence Intervals

Definition 11 (Statistic). A random variable that is a function of the data Y. Usually

—

denoted as T'(Y'), where the function 7" must not involve any unknown parameters.

e Le., the statistic/random variable itself cannot involve unknown parameters, but its dis-
tribution may.

«Eg., ¥V ~N(p2).

Definition 12 (Pivot). A random variable whose exact distribution is known.

e [.e., the pivot/random variable itself may involve unknown parameters, but its distribution
cannot.

o Bg, I~ N(0,1).

e Strategy: Find a pivot (exact or asymptotic) that involves the estimand of interest, write
a probabilistic statement using quantiles, and isolate the estimand.

Concept Checker 3. Which of the following random variables are pivots? Assume n is
known.

n—1)62
L. % ~ Xh_1
2. nY ~ Gamma(n, \)

3. nAY ~ Gamma(n, 1)

Concept Checker 4. For any random variable X where F'x is continuous and strictly
increasing (i.e., Fiy' exists), what does P(Qx (%) < X < Qx(1 — %)) equal?
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Solution

Example 2 (Exact pivot, Normal data, one parameter unknown). For Y3,...,Y, N (u,0?)
with g unknown and o2 known, Y ~ N (i, %2) by property of the Normal. This is an exact
distribution. By standardizing, we have an exact pivot: :/;\/’% =7 ~ N(0,1). Suppose we

want a 100(1 — a)% confidence interval for p.

l—a=P (QZ(%) < }U//?/_Tj < Qz(1-— %)) by quantiles
- ((Cpan) ¥ -n < (00 - ) by algebra
—p ((%)@A%) ¥ £ s (01— 5)- Y) by algebra

=P (_((%)Qﬂ%) -Y)>p> _((%)Qz(l - %) — Y)) by algebra
= (Y/ - (%)QZ“ - %) <p<Y-— (%)Qz(%)) by simplifying

Thus, our 100(1 — )% confidence interval for p is [}7 - (\/LE)QZ(l —9)Y — (\%)QZ(%) :
By the symmetry of the Normal (i.e., Qz(%) = —Qz(1 — %)), we can rewrite this as ¥ +
(2)Q2(1 - 2).

Example 3 (Exact pivot, Normal data, both parameters unknown). For Yj,... Y, kg

N (11, 0?) with both g and o2 unknown, define 6 = \/ﬁ Yo (Yi— Y)Q. By property of

the t-distribution, we have an exact pivot: ZT?/% ~ t,—1. Suppose we want a 100(1 — a)%
confidence interval for pu.

3Notice other estimators for o exist. E.g., 6 = \/% S (Y; —Y)2 The n — 1 is necessary to construct our
pivots.
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l—-a=P Qtn—l(%) < }A//?/;_j <@, ,(1— %)) by quantiles
=P (%)Qtnl(%) <Y —-p< (%)Qtnl(l - %)) by algebra
v S)-V<-ns< (%)@m(l -3 - Y) by algebra

P ()0 =) 202 ()0 - 5)= 7)) by algebra
=P (V- %)Qtnl(l DEVES (%)Qtnx%) by simplifying

Thus, our 100(1—a)% confidence interval for y is [Y —(9)Q,,

By the symmetry of the ¢-distribution (i.e., Qt, ,(5) = —Q4, ,(
as ¥ & (5)Q0, (1 2).
Now, with the same setup, define 62 = == >"" | (¥; — V)%, By Theorem 10.4.3 in the STAT

110 textbook, we have an exact pivot: =D X2 _,. Suppose we want a 100(1 — a)%

g
confidence interval for 2.

l—-a=P (QXil(%) by quantiles

o? -1 2
P 1 _,_ 2 o L by algeb
- ay = = = o y algebra
Qe (5) ~ (n=1)0 ~ Qe (1-%)
—1)6? —1)62
=P (n )g > g2 > (n—)a by algebra
Qxiil(g) Qxi,1(1 - 5)
(n—1)62 , _ (n—1)52 e
=P —<o0° < - by simplifying
Qx%71(1 - 5) Qxiil(g)

Thus, our 100(1 — a)% confidence interval for o2 is [ (n-1)5? ("_1)(}2) . Notice x2_, is
1

not symmetric.

5.3 Constructing Approximate Confidence Intervals
Definition 13 (Asymptotic pivot). A random variable whose asymptotic distribution is
known.

e L.e., the pivot/random variable itself may involve unknown parameters, but its distribution
cannot.

e By, 24 5 N(0,1).
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Example 4 (Asymptotic pivot, non-Normal data, one parameter unknown). Often, our
data are not Normal, so we rely on the Central Limit Theorem. For i.i.d. Yi,...,Y, with
E[Y;] = p unknown and Var[Y;] = o2 known, v/n(Y — 1) % N(0,02) by the Central Limit
Theorem. This is an asymptotic distribution. By standardizing, we have an asymptotic

pivot: 7\% LY (0,1). Suppose we want a 100(1 — a)% confidence interval for p. We can

“freeze” at a sufficiently large n such that % /\F ~ N(0,1).

l—azP(QZ(a) ?7//\/_ <QZ(1—%)) by quantiles
P (03 <7 - (00— 5) by algebra

P ((0a3) ¥ < -n<(F)Qz-5-T) by algebna
=P (~(R)Qx(5) - 1) 2 12 (201~ 5) = 7)) by algebra

Y<u<Y — (L)QZ(Q)> by simplifying

Thus, our approximate 100(1—a)% confidence interval for 1 is [7 —(%)Qz(1-19), Y — (\%)QZ(%)] .
Again, we can rewrite this as Y + (\%)QZ(l —95).

Example 5 (Asymptotic pivot, non-Normal data, both parameters unknown). The previous
example assumed o2 is known, which isn’t always practical. Often, o2 is unknown, but we
can estimate it. If our estimator is consistent (i.e., 62 2 ), we remarkably arrive at a very
similar approximate confidence interval as before!

For i.i.d. V..., Y, with both E[Y;] = y and Var[Vj] = 02 unknown, /(Y — p) % N(0, 0?)
by the Central Limit T heorem This is an asymptotic distribution. By standardizing, we
have an asymptotic pivot: 7 LN N(0,1).

62 L o2 by consistency
SN by CMT
o o
g 51 by simplifying
o
Y —p (‘7)&(2)(1) by Slutsky’
- utsky’s
o/\/n) \o Y Y
Y —p

N (Z)(1) by simplifying

< >
3

|
=

LN N(0,1) by property of Normal

>
~—
B
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This is our new asymptotic pivot: ;77?/% 4, N(0,1). Suppose we want a 100(1 — a)%

confidence interval for p. We can “freeze” at a sufficiently large n such that f/;\/’% ~ N(0,1).

by quantiles

Qe
=
|
=
IN
O
BN
—
|
]
-

—
|
e
Q
T
/N
QO
N
U
IN

I
s
/
oI
~— [\
O
/N\
[\:’lQ Ml@ Q>
~ ~
3
[\

IA

~
|
=

IN

)Qz(1 — %)) by algebra

|
=
IA

|

=
IA

« . o .
>QZ<§>) by simplifying

Thus, our approximate 100(1—a))% confidence interval for  is [Y - (\%)Qz(l —9),Y - (\%)Qz(%)]
Again, we can rewrite this as Y + (\%)Qz(l - 5).

6 Practice Problems

Problem 1. Let Y;,...,Y, be iid. from some parametric model Fy ,, where éMLE is the
MLE for 6. Assume n is sufficiently large for the Central Limit Theorem to apply. Suppose
we are interested in a 95% confidence interval for 6.

(a) Propose an asymptotic pivot.

(b) Construct an approximate 95% confidence interval for 6.

10



STAT 111: Introduction to Statistical Inference Spring 2026

Problem 2. Let Yi,....Y, kg Expo(A). Unfortunately, we do not live in Asymptopia, so
n is not large enough for the Central Limit Theorem to apply.

(a) Propose an exact pivot.

(b) Construct an exact 95% confidence interval for .

11
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