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Section 11: Causal Inference

Ricky Truong (rickytruong@college.harvard.edu),
Emily Xing (exing@college.harvard.edu)

1 Introduction

1.1 Logistics

Welcome! The goal of our weekly section is to review content from lecture, with emphasis
on big-picture intuition, mathematical proof, and hands-on practice.

Specifically, we aim for our sections to be interactive, well-paced, inclusive, and fun! Please
do not hesitate to reach out if you have any questions/feedback!

1.2 Office Hours

e Mondays, 7:30 - 9:30 PM in Adams D-Hall (Ricky).
e Fridays, 11 AM - 12 PM in Maxwell-Dworkin 2nd Floor (Emily).
e Saturdays, 10:30 — 11:30 AM in Cabot D-Hall (Emily).

2 Big Picture

“Correlation doesn’t mean causation”—but what does? Causal inference is the subfield of
statistics concerned with drawing causal conclusions, which are more powerful than conclu-
sions about association.

We begin with the potential outcomes framework to rigorously define the notation of causa-
tion. There are many assumptions, so often the challenge is justifying their credibility. For
the sake of simplicity, we often assume SUTVA and randomization.

There are two main approaches to causal inference: super-population and finite-sample. Es-
sentially, the choice depends on the group to which we want to generalize our inference.
With the usual assumptions, we can arrive at the (arguably intuitive) difference in means
estimator for both approaches, which can be extended with confidence intervals and hy-
pothesis tests. Still, the formalization is important for extending to cases where the usual
assumptions may not hold, such as with observational data.

3 Overview

Idea. Statistical inference is a whole lot of assumptions. Causal inference adds even more.
Fundamentally, we cannot observe causal quantities, so we must use assumptions to identify
them as statistical quantities (i.e., the estimands we’'ve been working with throughout the
course). From there, we can proceed with our usual inference! Informally, treat Y as our
data (like before) and Y (0), Y (1) as quantities that only exist in theory.

3.1 Fundamentals

Definition 1 (Outcome). For n units, Y; is the outcome for unit i.
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e E.g., suppose we are interested in the causal effect of tutoring on SAT score. Then Y] is
the SAT score for unit 1.

Definition 2 (Treatment). For n units, W; is the treatment for unit i. The treatment vector

-

is W= (Wi,...,W,).
e E.g., if W; € {0,1} is binary, then W; = 1 indicates unit 1 received tutoring while W; = 0
indicates unit 1 did not.

Definition 3 (Potential outcome). For n units, Y;(wi,...,w,) is the potential outcome
for unit 7. It is a function of all possible treatments (i.e., the potential outcome if W; =
Wy, .., Wy = wy).

e E.g., for n =3, Y1(1,0,1) is the potential SAT score for unit 1 if, hypothetically, units 1
and 3 received tutoring while unit 2 did not.

Definition 4 (Identification). The process of using assumptions to convert causal quantities
to statistical quantities.

e E.g., E[Y(1)] is a causal quantity while E[Y | W = 1] is a statistical quantity.

Definition 5 (Individual treatment effect). For unit i, 7, = Y;(1) — Y;(0).

Definition 6 (Fundamental problem of causal inference). The individual treatment effect
can never be observed since we only see up to one potential outcome per unit.

e Thus, we rely on assumptions and focus on group-wide quantities.

e E.g., for us to observe unit 1’s individual treatment effect, we’d have to observe their SAT
score under tutoring and what their SAT score would’ve been that same day if everything
else were the same except their tutoring status (i.e., we’d need an alternate universe)!
Concept Checker 1. Which of the following are causal quantities?

L. Yi(1) - Yi(0)

2. E[Yi(0)]

3. E[Y; | W; = (]

4 0L (Y1) = Yi(0)

Solution

Notice all quantities except E[Y | W = 0] involve potential outcomes, which are
causal and theoretical (in contrast, E[Y | W = 0] is a statistical quantity that can
be estimated from the data). Thus, all quantities except E[Y | W = 0] are causal
quantities.

3.2 Assumptions

Definition 7 (Consistency). Under consistency, Y; = Y;(W;) (i.e., unit i’s outcome is their
potential outcome under observed treatment W;).

e E.g.. units 1 and 2 both receive tutoring, but unit 1 gets multiple hours of hands-on practice
while unit 2 only gets a worksheet, so consistency is violated.
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Definition 8 (Non-interference). Under non-interference, Y;(Wy,...,W,) = Y;(W;) (i.e.,
unit ’s potential outcome is only a function of their own treatment).

e E.g., units 1 and 2 are best friends who study together and share exam advice. If unit 2
gets tutoring while unit 1 does not, Y3(0, 1) is still different from Y3(0, 0), so non-interference
is violated.

Definition 9 (Stable unit treatment value assumption). Under SUTVA, both consistency
and non-interference hold.

Definition 10 (Unconfoundedness). Under unconfoundedness, Y;(0),Y;(1) 1L W; (i.e., unit
i’s treatment is independent of their potential outcomes).

e E.g.. unit 1 doesn’t like tutoring while unit 2 desperately wants to improve their score.
Magically, we know Y;(0) = 1000 and Y;(1) = 1050 while Y5(0) = 1000 and Y5(1) = 1500. If
students choose whether to get tutoring, there is self-selection since Y3(1) being high affects
W5, so unconfoundedness is violated.

Definition 11 (Binary treatment). Under binary treatment, W; € {0, 1}.
e Unless otherwise noted, we will often assume binary treatment and SUTVA since this
dramatically simplifies notation[]

Definition 12 (Switching equation). Assume binary treatment and SUTVA. Y; = W;Y;(1)+
(1 —W;)Y;(0).

Concept Checker 2. Assume binary treatment. Suppose there are n units. How many
potential outcomes are there for each unit 7 What if we assume SUTVA?

For unit 4, there are 2" potential outcomes since each w; in Y;(wy,...,w,) can be
either 0 or 1. In contrast, if we assume SUTVA, for unit ¢, there are only 2 potential
outcomes since w; in Y;(w;) can be either 0 or 1.

3.3 Treatment Assignment

Definition 13 (Set of potential outcomes). Assume binary treatment and SUTVA. {Y (0),Y (1)},
where Y (0) = (Y1(0),...,Y,(0)) and Y (1) = (Y1(1),...,Y,(1)).

Definition 14 (Assignment mechanism). P(W = & | {Y(0),Y(1)}) (i.e., the joint proba-
bility mass function of the assignments given the potential outcomes).

e This is a function of the set of potential outcomes.

Definition 15 (Randomization). An assignment mechanism where P(W = @ | {Y (0),Y (1)}) =
P(W = ).

e An experiment where treatment is randomized is called a randomized control trial (RCT).

I There has been much research done—and more to be done—on cases where these assumptions don’t hold
(e.g., with spatial, temporal, and network data).
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e Notice the assumption of unconfoundedness holds under randomization.
e In Bernoulli randomization, P(W; =1) =p € (0,1) Vi = Y;(0),Y;(1) 1L W;.

e In complete randomization, P(W; = 1) = ™. Vi € {1,...,n}, where n; is chosen in advance
= Y;(0),Y;(1) 1L W,.

4 Super-Population Approach

Idea. To estimate causal quantities, we can use either the super-population approach (i.e., a
model-based approach) or the finite-sample approach (i.e., a design-based approach). These
are two complementary perspectives for our estimand of interest: average treatment effect
(ATE).

In the super-population approach, we model the units as an i.i.d. sample from a larger
(possibly infinite) population. Here, randomness comes from both treatment assignment
and sampling. The causal estimand is the population average treatment effect (PATE).

Importantly, though potential outcomes are viewed as fixed for a given unit, they have a
distribution across units. E.g., fix any person, and their height is not viewed as random.
However, height is (approximately) normally distributed in the population, so when sam-
pling, it is random which height will be observed.

Definition 16 (Setup for super-population approach). Assume binary treatment, SUTVA,
and randomization. Let {Y;(0),Y;(1)} "' P* where P* is the super-population (i.e., we
assume the potential outcomes are an i.i.d. sample from a statistical model).

Definition 17 (Population average treatment effect). mparg = E[1;] = E[Y;(1) — Y;(0)].

e l.e., the expected treatment effect across all units in the super-population.

Definition 18 (DIM estimator for PATE). Assume binary treatment, SUTVA, and random-

ization. Let ng = > (1—=W;)and ny = >, W; such that n = nyg+ny. Tpare,pm = Y1— Y0,
v 1 1 n

where Y, = - Zi:Wi:w Yi= ST I (Wimw) > im HWi = w}Yi.

o As we will ShOW7 %PATE,DIM = %PATE,MOMa and under binary outcome, %PATE,DIM = %PATE,MLE-

Definition 19 (MOM estimator for PATE). Assume binary treatment, SUTVA, and ran-
domization. TpaTemoMm = Y1 — Yo.

Proof.
TpatE = E[Y;(1) — Y;(0)] by definition
= E[Y;(1)] — E[Y;(0)] by linearity
=E[Y;(1) | W; = 1] — E[Y;(0) | W; = 0] by unconfoundedness (RCT)
=E[Y; | W; =1] = E[Y; | W; = 0] by consistency (SUTVA)
Ely;W;,| ElY;(1-W; o .
= I[:E“J[Wl]] — [E[E 7, ) by conditional expectation
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~ Z 1 7, 7, 1 Z 1 7,( Wz) ..
TPATE,MOM = = = = by definition of MOM
: TILW e
Zz YW 3L Yl - W)
Zz 1 W Z?:l(l - WZ)

=Y, -Y, by rewriting

by simplifying

Notice the first term is the sample mean of those treated—of which there are ny = Y | W;—and
the second term is the sample mean of those in control—of which there are ng =3 (1 —
W;). O

Definition 20 (MLE for PATE). Assume binary treatment, SUTVA, and randomization.
Additionally, assume binary outcome. TpatemiE = Y1 — Yo.

Proof. Let 0; = E[Y;(1)] and 6y = E[Y;(0)] such that m7parg = 01 — 6y. By the reasoning
above, 0; = E[Y; | W; = 1] and 6, = E[Y; | W; = 0]. By fundamental bridge, 6, = P(Y; =1 |
W;=1)and 6y = P(Y; =1 | W; = 0). We can relate the conditional likelihood of 6y, 6; to
the MLE of Bernoulli data.

L(06,0, | W =@ 3f) = P(Y = | W = ; 6,, 0) by likelihood
=[] PO =i | Wi = wi;00,61) by iid.

=1

0(0,,0, | W = ;) = log (H P(Y; = y; | Wi = wy; 0, 91)> by log-likelihood

= Z log(P(Y; = y; | Wi = w;; 09, 601)) by properties of log

= Z log(P(Yi = yi | Wi = wi; 0o, 01))

i W, =0
+ Z log(P(Y; = y; | Wi = w;; 09, 01)) by splitting
e W;=1
= > log(0(1—6p) )+ > log(64'(1—6:)"¥) by Bernoulli PMF
:W;=0 W;=1
= Z y; log(6y) + (1 — y;) log(1 — 6p)
:W;=
+ Z y; log(61) + (1 — y;) log(1 — 6y) by properties of log
:W;=1

Recall for Yi,...,Y, g 'ABern(H) Oue = Y. The first term is the log-likelihood of 6, for
o observatioys. 'ljhus, OoMLE = Y,. By the same reasoning, 01 MLE = = Y;. By invariance,

TPATEMLE = Y1 — Yp. O
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Definition 21 (Properties of DIM estimator for PATE). Assume binary treatment, SUTVA,
and randomization. The DIM estimator is unbiased and achieves CRLB.
L ]E[%PATE,DIM] = TPATE-

Var[V; |W;=1] + Var[Y;|W;=0]
ni no ’

e Var|7 PATE,DIM] =
5 Finite-Sample Approach

Idea. In the finite-sample approach, we fix the n units in our sample, and we wish to
generalize our findings to them. The causal estimand is the sample average treatment effect
(SATE). Here, randomness comes only from treatment assignment as there is no sampling.
By unit-level determinism, each unit ¢ has fixed potential outcomes y;(0) and y;(1), but
it’s random which one we’ll observe (with the randomness coming from treatment) | Thus,
inference is conditional on the set of potential outcomes, so we view them as fixed (even
though half of them will never be observed).

Definition 22 (Setup for finite-sample approach). Assume binary treatment, SUTVA, and
randomization. We condition on Y (0) = #(0),Y (1) = #(1). Importantly, by the switching
equation, Y; is deterministic from W; given the potential outcomes.

Definition 23 (Sample average treatment effect). 7garg =7 =30 7 =+ > (y;(1) —

4i(0)).

Concept Checker 3. SATE looks like a sample mean, but it’s still an estimand. Why?

SATE is a causal quantity as it involves potential outcomes. Additionally, we will
never have enough data to observe the SATE due to the fundamental problem of
causal inference. However, we can still infer about it!

Definition 24 (MOM estimator for SATE). Assume binary treatment, SUTVA, and ran-

. . A 1 n Y;W; Y;(1-W;
domization. TsaTEMOM = » D iy (}E[Wi] — E[(l—wi])>'

e It can be shown 7saremowm is the difference in means estimator under complete random-
1zation.

Proof. To keep notation simple, let Y (w) = {Y'(0), Y (1)} (i.c., the set of potential outcomes).
First, notice the following:

Y, = WY;(1) + (1 — W,;)Yi(0) by switching equation
WY, = Wi(W;Yi(1) + (1 — W;)Y;(0)) by multiplying
= W2Yi(1) + (W; — W2)Yi(0) by distributing
= W;Y;(1) + (W; — W,;)Y;(0) since W; € {0,1}
= W;Y;(1) by simplifying

2E.g., I have a weight 3 that is not random. It’s just a number at the end of the day. We regard what my

weight would be with and without medication—y(1) and y(0), respectively—as also not random. What
is random is Y, which of the two will be observed. The randomness comes from treatment assignment:
Y=y0)if W=0and Y =y(1) if W =1.
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Thus, W;Y; = W;Y;(1). Similarly, (1 — W;)Y; = (1 — W,)Y;(0).

Next, notice the following:

E[W;Y; | Y (w) = g(w)] = E[W;Yi(1) | Y(w) = §(w)] by substituting

=y (DE[W; | Y(w) = ¢(w)] by linearity

= y;(1)E[W] by unconfoundedness (RCT)
This implies y;(1) = E[WJ‘T(IU} g by algebra. Similarly, y;(0) = E[(l_wg[}ff/‘(}]’):yq(w)].
Now, we want an estimator for SATE.
TSATE = — Z yi(1) — v:(0 by definition

(WiYi | Y (w j(w E[(1 - W)Y, Y (w) = §(w o
“Z( | [év ) =) _ B0 - W% | ) = ﬂ) b substituting

WY, (1-WyY; o
TSATE,MOM = - Z (]E[WZ] B[l — W] ) by definition of MOM

1=

Importantly, E[W;Y; | Y (w) = 7(w)] is conditional on the set of potential outcomes. Thus,
the expectation is over the randomness in W;. We observe one realization of W;, so the
sample analog of E[W;Y; | Y (w) = y(w)] is W;Y;. O

Definition 25 (Properties of MOM estimator for SATE). Assume binary treatment, SUTVA,
and randomization. The MOM estimator is conditionally unbiased given Y (w) = y(w).
o E[fsarenonm | Y (w) = §(w)] = Tsare
~ = - n S(1))2 (0))2
o Varffsareaon | ¥(w) = ()] = & S, (U4 + 89 = () - 1)) §

k3

Concept Checker 4. Why is E[I¥;] valid to include in the estimator?

We know the distribution of W; and can thus compute E[IV;]. E.g., in a Bernoulli
randomization, E[W;] = E[1 — W] = 1.

2

Concept Checker 5. In practice, the variance must be estimated—usually with \//5[%5 ATE.MOM |
— ~2 ~2 —

Y(w) = g(w)] = 7= + 78, where 3, = =5 37,y (Vi — Yw)g). Why would this be a con-
servative estimator in the finite-population approach? Intuitively, which approach should
have less uncertainty?

. Y , 52 S7+S5-28 s
3Tt can be shown Var[fsatemom | Y (w) = 7(w)] = - % under complete randomization,

where §2 = -L5 377 (yi(w) — g(w))? and Sor = 5 30, (wi(1) — (1) (w:(0) — (0)).

7
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The (y;(1) — y:(0))? is difficult to estimate due to the fundamental problem of causal
inference, so it is usually dropped (e.g., in the estimator above). Thus, the true
variance should be less since we're omitting the subtraction of non-negative terms, so
the estimator is conservative. Intuitively, the finite-sample approach should have less
uncertainty since we’re generalizing to only our sample (even though, interestingly,
both approaches usually use this estimator)!

Concept Checker 6. Show E[%SATE,MOM ’ ?(U)) = gj(w)] — TSATE-

Solution

_ Wiy (1-W,)Y;
Let Gi = gy — Enowy -

G | F(u) = Jlw)] = | grs — Gt | Plw) = tw)

_EWY; | Y(w) = j(w)]  E[(1 - Wy)Y; | ¥ (w) = (w)

E[W] E[l - W)
_EWYi(1) | Y(w) = g(w)]  E[(1 = Wy)Yi(0) | ¥ (w) = (w)]
E[W;] E[1 — W]
_ E[W; | Y (w) = §(w)] E[(1-W;) | Y(w) = §(w)]
E[Wi] E[(1 — Wy)]

= yi(l)E[Wi] = ui( )m
= 4i(1) — wi(0)

Now, 7sargMom = %Z?:l Gy, so E[%SATE,MOM | 17(111) = z](w)] = %Zizl E[Gi |
Y(w) = g(w)] = 3 3¢

Concept Checker 7. Suppose we're working in the super-population framework. Addi-
tionally, suppose we use complete randomization such that 7saremowm is the difference in
means estimator. Show the connection between mparg and = 37 (V;(1) — Y;(0)) (i.e., the

random /uncrystallized version of SATE) using the difference in means estimator.
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Solution

TpaTE = E[TD1M] by unbiasedness

= IEsampling [Etreatment [%DIM | ?(wﬂ] by Adam’s Law

S (vi1) - Yi(0))

i=1

= BEeampling by conditional unbiasedness

1 n
= E Esampling[Y;(l) - }/;(0)] by linearity
n
=1

n

1
=~ D Teate by definition of PATE
=1
= TPATE by simplifying

6 Confidence Intervals and Hypothesis Tests

Idea. Like before, we can do “better” than just the point estimator. We introduce two
frameworks that give us two different flavors of hypothesis test: one uses the randomization
itself as the source of inference (Fisher), and one uses the asymptotic Normal approximation
(Neyman). Importantly, they test different things!

Definition 26 (Fisher’s null hypothesis). The treatment effect is 0 for each unit. lLe.,
HoiTi:OViG{l,...,n}.

e Alternatively, there is a treatment effect for at least one unit. Le., Hy: Y ", |1| > 0.

e Under Hy, Y;(0) =Yi(1) =Y, because 7; = Y;(1) — Y;(0) = 0.

e Key insight: Fisher’s null is called the sharp null because it fills in the missing potential
outcomes. Under Hy, we know both Y;(0) and Y;(1) for every unit (they’re both just Y;).
This means we can compute 7sate mowm for any hypothetical assignment vector W, not just
the one we observed.

e Randomization test: Generate B i.i.d. draws W(l),...,W(B) from the assignment
mechanism. For each draw b, compute 7 using the observed Y;’s and the hypothetical
assignment W®_ The randomization p-value is

| B
P= ;1{‘%“’)\ > |7saTEMOM| } -

Intuitively, if the null is true, the observed 7sarg vmom should look like a typical draw from this
randomization distribution. A small p-value means our observed test statistic is unusually
large which is hard to explain by chance alone.

Definition 27 (Neyman’s null hypothesis). The average treatment effect is 0. Le., Hy :
Tsate = 0.

e Alternatively, H, : TsaTe # 0.
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e Fisher’s null implies Neyman’s null, but the converse is not true since individual effects
can cancel. E.g., 7 = 1,5 = —1,... gives 7satg = 0, but Fisher’s null fails.

e Key insight: Neyman’s null is weaker since it only cares about the average, not every

individual. We test it via the asymptotic Normal pivot, using the conservative variance
estimator from before:

T — TSATE,MOM f'v./\/'(O,l).

o1 | 03

ny No
57 5
Reject Hy when |T'| > z4/2. A nominal 100(1—a)% CI for Tgarg is Tsare,MoME2a/24/ — + -9
nq Un

Definition 28 (Super-population DIM estimator). Recall the conditional expectation and
variance of Tparg piv. We use the “plug-in” principle to substitute in estimators. We know
MLE is asymptotically Normal.

. TPATAE,DIM — ATPATE i | W =@ ~ N(0,1).
0.(1—6) N 0o(1 — 6y)
S wi Y (1—w)

e To test Hy : TpaTte = 0, we use T' =

7A_PATE,DIM
9ﬁ—ﬁh_%ﬂ—®
2?:1 Wi Z?:l(l - wi)

Concept Checker 8. 8 Suppose our observed data are Y = (3,6,7,2) and W = (0,1,1,0).
What is 7ppy? If we assume Fisher’s null, what would our data be for W) = (1,0,1,0)?

| W =@ ~ N(0,1).

-

wo, 20 = 134 7) — 1(6+2) = 1. We repeat this for W, ..., W® (and their

corresponding estimates 721()11)1\/17 o ,%Iglfg/[) to calculate a p-value.

7oim = 3(6+7) — 3(3+2) = 4. Under Fisher’s null, Y;(1) = ¥;(0) = Y;, so for

7 Recap

Idea. We conclude with a review of the two approaches and implications for future work.

10
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Super-Population Finite-Sample

Population Units are drawn ii.d. from a | The n units in the study are fixed
larger super-population and finite

Inference ATE for super-population ATE for sample

Source(s) of random- | Treatment assignment, sampling | Treatment assignment
ness

Potential outcomes {Y;(0),Y;(1)} i p A fixed set: Y(0) = §(0),Y (1) =
y(1)
Random variables W, Yi(0),Y:(1) W;
Data Vi S WYi(1) + (1= WYi(0) | ¥i = Wigs(1) + (1 — Wo)yi(0)
Estimand Teate = E[Y;(1) — Y;(0)] TSATE = %Z?ﬂ(%(l) —4:(0))
Estimator DIM/MOM/MLE %PATE,DIM = MOM/DIM 7A_SATE,MOM =
Vi — Yo Ly (YW B Yz-(lfwi))
n 2ui=1 \ E[W;] — E[1I-W]

Concept Checker 9. Y] is deterministic from W; in the finite-sample approach, but this is
not true in the super-population approach. Explain this mathematically and intuitively.

Mathematically, Y;(0) and Y;(1) are still random in the super-population approach, so
from the switching equation, Y; = W;Y;(1) 4+ (1 — W;)Y;(0). It is not enough to only
know W;! Intuitively, suppose we sample n = 1 unit—either Emily or Ricky. If you
only know their treatments (e.g., Wgmiy = 0, Wricky = 1), it is unknown who will be
included in the sample, so Y; is still random from the sampling! Notice this is not the
case in the finite-sample approach.

8 Practice Problems

Problem 1. Suppose we are interested in the causal effect of hands-on tutoring on SAT score
for all high school students. There are 3 treatment levels: W = 2 for hands-on tutoring,
W =1 for hands-off tutoring, and W = 0 for control. We randomly sample n students and
randomize treatment assignment. Let Y; be the SAT score for student i. Assume SUTVA
and P(W =2) > 0.

(a) Would the super-population approach or finite-sample approach be more appropriate for
this problem?

(b) Suppose we are interested in E[Y(2)]. What type of quantity is E[Y'(2)]7 State what it
is clearly in words.

(c) Identify E[Y(2)] as a statistical quantity.
(d) Construct a consistent estimator: E[Y (2)].

(a) First, the super-population approach is more appropriate since we are interested
in extrapolating to the larger population of all students.

11
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(b) Related, E[Y'(2)] is the expected potential outcome under treatment level 2 (i.e.,
hands-on tutoring) across all high school students. This is a causal quantity and thus
fundamentally unobservable.

(c) However, we can identify it.

E[Y(2)]=E[Y(2) | W =2] by unconfoundedness (RCT)
=E[Y | W =2] by consistency (SUTVA)

Next, notice the following.

E[Y1{W = 2}] = E[Y1{W =2} | W = 2]P(W
+EY1{W =2} | W =1]P(W
+EYI{W =2} | W =0]P(W by LOTE
=E[YI{W =2} | W =2]P(W = 2) by simplifying
=E[Y | W =2|P(W =2) by simplifying

This implies E[Y | W = 2] = (W 5 E[YTI{W = 2}] by algebra. To remember this

important result, recall the analogous definition of conditional probability: P(A | B) =
ﬁP(A, B). With this, we continue.

2)
1)
0)

E[Y(2)]=E[Y | W =2 from before
1
(d) To construct an estimator, we can replace the theoretical quantities with their
sample analogs.

A~ 1 1 n
ElY(2)] = 4 VAW, = 2 b ! i
[ ( >] %27:1 ]l{m = 2} <n Z { }> Yy Sample quantities
1 . . .
B Sor W, =2} & ZY]I{W =2} by simplifying
-2 rewritin
Y- by o

Finally, let’s show this is consistent. First, > | ]l{W =2} L E []l{W =2} =

P(W = 2) by LLN and fundamental brldge 50 T3 ]I{W =5 TN P(W ) by CMT
1=1 O

with g( ) = 271 Next, 137, Z]I{W 2} & E[Y1{W = 2}] by LLN. Thus,
W ( Zz 1 z]]-{W = 2}) W 2) [YH{W = 2}] by Theorem 3.5. 7
E[Y (2)] & E[Y(2)] by substituting. We conclude E[Y(2)] is consistent for E[Y(Z)]

For some intuition, notice this estimator is the sample mean of those under treatment
level 2—of which there are > - 1{W; = 2}.

Problem 2. Suppose we're working in the finite-population framework. Additionally, sup-
pose we use complete randomization, where P(W; = 1) = “> V¥ ¢ with n and n; known.
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(a) Find Cov[W;, W;] for i # j.

(b) Show 7sateMmowm is the difference in means estimator.

Solution

(a) First, let’s find Cov[W;, W;].

Cov[W;, W;] = E[W;W;] — E[W;]E[W}] by definition of covariance
=PW,=1,W; =1) — (%)2 by fundamental bridge
= P(W; = )P(W; =1| W, =1) (%)2 by multiplication rule
_ (E) (”1 — 1> _ <ﬂ>2 by given probabilities
n n—1 n
_ _% by simplifying

(b) Next, let’s show 7sare mowm is the difference in means estimator.

. 1 (WY, 1 - Wy)Y;
TSATE,MOM = o Z (E[Wz] = (E[l — VI)/Z] ) from before
i=1
I (WY, (1-W)Y; L
= — Z ( — ( ) ) by substituting
n < \ni/n no/m
1 (WY, (1 -W)Y, e
= - — = _— by simplifyin
1 WY, &~ (1-W)Y; .
=—1n — n——m——— by factorin
= Wi¥i _ Z (4= W)Y; by simplifying
nq Un
=1 =1
1 — 1 ,
= — Z wyY, — — Z(l - W)Y, by factoring
(L Ry o i

_ E?:l YiW; _ Z?:l Y;(l — Wz)
E?:l Wi 2?:1(1 - VVZ)
=Y -Y by rewriting

by substituting

Problem 3. Suppose in a study of n = 6 units under complete randomization with n; =
ng = 3, the observed 7satgmom = 4. Under Fisher’s null, we re-randomize B = 5 times and
obtain 7 € {—4,-2,0,2,4}.

(a) Compute the randomization p-value. Do we reject at o = 0.057

(b) Now suppose the individual effects are 7 = 8,75 = —8,73 =8, 7y = —8,75 = 8,75 = —8.

13
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Does Fisher’s null hold? Does Neyman’s null hold? What does this tell you about the
relationship between the two nulls?

(c) Why can’t we use the randomization test to directly test Neyman’s null?

(a) Count how many |7®)| are at least as extreme as the observed |fsaremom| = 4.
That includes 7 € {—4,4}, so 2 out of 5 draws qualify. Thus p = 2/5 = 0.4. We do
not reject at a = 0.05.

(b) Fisher’s null does not hold: 7; # 0 for every unit. However,

1
TSATE:6(8—8+8—8+8—8):O,

so Neyman’s null does hold. Individual effects can be large and of opposite sign,
perfectly canceling in the average. This confirms Fisher’s null = Neyman’s null,
but not the converse.

(c) The randomization test requires Fisher’s sharp null precisely because it fills in
the missing potential outcomes. Under HY, Y;(0) = Y;(1) = Y;, so the full table
of potential outcomes is observable and we can recompute the test statistic for every
hypothetical re-randomization. Under Neyman’s null alone, we only know % > =0.
The individual Y;(0) and Y;(1) remain unknown, so the randomization distribution
cannot be constructed. The asymptotic Normal pivot addresses this entirely by relying
on the CLT rather than the assignment mechanism.
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